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A review of the known facts about division algebras of small dimensions over 
finite fields is given. The cases of dimensions three and four for the commutative 
algebras are shown to lead to interesting linear spaces of quadrics. This leads to a 
geometrical classification of the three-dimensional case and a spread of lines of 
PG(3,q) constructed from any four-dimensional commutative division algebra. 
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1. INTRODUCTION 
A division algebra (also called a semifield), of dimension n over a field K 
is an algebraic structure SZZ with two operations of addition and mul- 
tiplication which satisfy the following properties: 
(a) The addition of d acts like a vector space of dimension IZ over K, 
with the zero element of ~2 denoted by 0, being the natural one; thus, in 
particular, addition in & forms an abelian group. 
(b) The multiplication of d has a unique identity element 1 #O; it 
satisfies both left and right distributive laws: a(b f c) =ah$ ac and 
(a+b)c=acfbc. 
(c) A has no zero divisors: ab=O=>a=O or h=O. 
Note that if we add one further property, the associativity of mul- 
tiplication, to those above then we obtain the skew-fields. On adding the 
commutative law of multiplication we obtain the commutative division 
algebras. And on adding both the associativity and commutativity of mul- 
tiplication we obtain the case of fields. 
The now established definition of a field was given by L. E. Dickson in 
1903 [4]. It proved to be of fundamental importance to geometrical theory 
as well as the algebraic, because, for instance, projective geometries defined 
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from vector spaces satisfy Pappus’ theorem and Desargues’ theorem, the 
latter being a basic condition for embeddability into projective spaces of 
dimension three or more and the former corresponding to the com- 
mutativity of multiplication. The large school of algebraists in Chicago, of 
which Dickson was the most prolific, still considered their new algebraic 
constructions to be generalizations of the real and complex number 
systems, leading to terms like hypercomplex [25]; however, now we can 
see that the real and complex numbers, (although based on a naive 
intuition of the geometry of the “real world”), are but jewels in a mul- 
tiplicity of beautiful algebraic structures, each one leading to geometries of 
fundamental interest. 
In 1905 a 23-year-old Scot named Wedderburn proved his famous 
theorem that every finite skew-held is a field [24]. This, combined with the 
basic result that every finite field is a Galois field GF(q), where q is a prime 
power, led the Chicago school inevitably to the study of finite division 
algebras of small dimensions (therefore over GF(q)). (Their philosophy was 
a sound one: investigate the smallest, simplest cases first and build upwards 
from a firm foundation.) In the years 1902-1905, the Chicago school 
published no fewer than 22 papers in the Transactions of the American 
Mathematical Society on the foundations of algebraic and geometric struc- 
tures [2]. These papers served as a basis for the dramatic change in 
attitude to geometry and algebra from the 19th to the 20th centuries: the 
first non-Desarguesian projective planes (of order 9), were constructed by 
this school. (See [22,23]). 
In the intervening 80 or so years to this paper (time has travelled 
quickly), two main approaches to the theory of division algebras can be 
seen to have developed. The first is typified by the work of Kaplansky 
[15, 161. In this more modern abstract algebraic approach, division 
algebras are seen as a special case to the theory of non-associative algebras. 
There is some reason in this approach, for any division algebra will have 
zero divisors if we extend the basis field appropriately. The second is 
typified by that of Dembowski (see [3, Sect. 5.3]), where division algebras 
are analysed according to the projective planes (of Lenz-Barlotti class V) 
that they coordinatize. Of course, there is considerable intersection between 
these two approaches, particularly as we shall soon see that there is an 
equivalence between the problem of division algebras and that of certain 
problems involving varieties in projective geometry. Anyway, our 
philosophy here is similar to that of Dickson: we analyse the finite division 
algebras of small dimensions over GF(q), considering mainly the com- 
mutative case. It is hoped that later we shall be able to generalize the 
results obtained here. 
ON FINITEDIVISION ALGEBRAS 255 
2. GEOMETRIC PROBLEMS 
We have noted that every division algebra coordinatizes a certain type of 
projective plane. However, there are several other ways of obtaining a 
geometrical structure from a division algebra: these ways are perhaps of 
more use in trying to determine the structure of all division algebras or of 
those of a certain type, e.g., commutative. We assume that the charac- 
teristic of the base field K is not two. 
One equivalent formulation of the problem of commutative division 
algebras of dimension n over K is as follows. We define a packing of 
quadrics of the (n - 1 )-dimensional projective space PG(n - 1, K) over K to 
be a set B of non-singular quadrics of PG(n - 1, K) such that for each 
point-hyperplane flag of PG(n - 1, K) there is a unique quadric of B 
through the point having the hyperplane as a tangent at that point. It was 
shown in general by Menichetti in 1977 [19] that u commutative division 
algebra of dimension n over K is equivalent to a linear packing of quadrics of 
PG(n - 1, K), that is, a packing generated by n independent quadrics. 
If we do not restrict ourselves to the commutative case now, it can be 
shown that a division algebra of dimension n over K is equivalent to an 
(n - 1 )-dimensional linear space of points not intersecting the determinantal 
primal 9,,, of order n in PG(n’- 1, K) [19]. In the commutative case we 
only need to consider an (n - l)-dimensional space not intersecting the 
symmetric determinantal primal 9; of order n in PG((n’ f n - 2)/2, K). 
There are several ways to see this but we outline one way as follows. 
Given a basis b , ,..., b,, of a,n algebra d we define the structure constants 
Cliik E K (i, j, k = l,..., n) as follows: let bib,= C;= 1 cxUkb,. (The cube of con- 
stants ‘obtained is the “non-singular cube” of Knuth [17].) Then the n 
matrices A, (k = l,..., n) with elements (a,,) (i,j= l,..,, n), have the 
property that det(C LkAk) #O, ‘v’(& ,..., A,) # (0 ,..., 0), II, E K, Vk. Using the 
natural correspondence of the n x n homogeneous matrices X over K with 
the points of PG(n2 - 1, K), we see that det(X) F 0 is a primal (or hypersur- 
face) of PG(n2 - 1, K) and the M matrices A, correspond to II points of 
PG(n2 - 1, K) generating ah (n - l)-dimensional linear space not inter- 
secting S,,: det(X) = 0. (Naturally the correspondence can be reversed.) Zf 
d is commutative then the matrices A, are symmetric, Thus we’ only need 
to consider the linear (n - I)-spaces skew to the symmetrid determinantal 
primal 3; in PG((n* + n - 2)/2, K), (because a symmetric JI x N matrix has 
(n” + ra)/2 constants). Also in this case the n: ,matrices A, correspond to n 
non-singular quadrics X’F#~X = 0 in PG(n - 1, K) generating an (n - I)- 
dimensional space of quad+, all non-s&&ar. This’ space of q&d& is a 
packing because the qua&s ‘of the spaces through a ‘point I%C form an 
(n --2,)-dimensional spaae (at least). If two of these quadrics, corresponding 
to matrices A and ‘B, had the same tangent hyperplane (with ‘dual coor- 
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dinates t) at x, then t = Ax = 1Bx 3 (A - 1B) x = 0 and so A - AB would 
correspond to a singular quadric of the space through x. 
Now consider a finite commutative division algebra LXZ of odd order 
(that is, K= GF(q) and q is a power of an odd prime). We have seen that 
d is equivalent to a linear packing of non-degenerate quadrics in 
PG(n - 1, K) (which we designate PG(n - 1, q) from now on). Then it is 
clear that through every point of PG(n - 1, q) there passes an (n -2)- 
dimensional subspace of quadrics as the hyperplanes through a point also 
form an (n - 2)-dimensional space and each hyperplane must be tangent to 
a unique quadric of the linear packing through the point. Since the tangent 
envelope of hyperplanes to a non-degenerate quadric is a non-degenerate 
dual quadric (if A is the matrix of the quadric then A -’ is the matrix in 
dual coordinates of its tangent envelope), then we see that the set of dual 
quadrics corresponding to a linear packing of quadrics of PG(n - 1, q) is a 
packing in the dual space to PG(n - 1, q). (However, in general this new 
packing will not be linear.) In Sections 3 and 4 we give an analysis of the 
cases I? = 3 and y1= 4. Note that all division algebras of dimensions 1 or 2 
over GF(q) are fields [6]. 
3. THE CASE OF DIMENSION 3 
In 1977, Menichetti classified all the division algebras of dimension three 
over GF(q), q odd [lS]. He showed that every such division algebra is the 
field GF(q3) or else a twisted field as defined by Albert [ 11. His methods 
were mainly algebraic. In this section we give an outline of the way the 
commutative division algebras may be classified by geometrical methods 
using the properties of the linear packing of tonics in PG(2, q). This 
approach leads to interesting problems involving the Veronese surface in 
PG(5, q) as well as a better understanding of the division algebras them- 
selves. In a paper to appear [20], Menichetti proves (still mainly 
algebraically) that, if q is large enough and p is a fixed odd prime, every 
division algebra of dimensionp over GF(q) is an Albert twisted field. The 
methods of this Section lead to a better understanding of this case as well. 
For the full proofs of the results stated here, see Sections 1.1 and 1.2 of the 
author’s 1978 Ph.D. thesis [lo]. 
We have seen in Section 2 that the study of commutative division 
algebras of dimension three over GF(q) is equivalent to the study of linear 
packings of non-degenerate quadrics of PG(2, q). Now it is well known 
that every two non-degenerate quadrics (i.e., tonics) of PG(2, q) are 
homographically equivalent; that is, there exists a linear collineation of the 
plane taking one to the other. (In general, an even-dimensional projective 
space over GF(q) contains one type of non-degenerate quadric and an odd- 
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dimensional space contains two types, hyperbolic and elliptic.) Also, every 
such conic is a (4 + 1 )-arc; that is, it has q -t 1 points, no three collinear. 
Thus it is seen that a commutative division algebra of dimension three over 
GF(q), q odd, leads to a packing of q2 + q + 1 tonics of PG(2, q). 
Actually, a packing of (q + 1 )-arcs of a general projective plane of order 
q was defined in [lo] to have the following properties: 
(a) there are q2 + q + 1 arcs in the packing; 
(b) there are q + 1 arcs through each point of the plane; 
(c) every pair of distinct points of the plane is contained in a unique 
arc of the packing; 
(d) every pair of distinct arcs of the packing intersects in a unique 
point. 
The properties of these general packings of (q + 1)-arcs were 
investigated. They are equivalent to having two incidence matrices of pro- 
jective planes of order q, such that their product modulo 2 is another pro- 
jective plane incidence matrix. When q is even all the (q + l)-arcs of a pack- 
ing through a point have nuclei lying on a unique line not through the 
point. From this it can be shown that the projective planes corresponding 
to the three incidence matrices above are all isomorphic, and in fact, the 
incidence matrices can be “normalized” so that they are all equal. This led 
to a geometric proof that there exists no projective plane of order q= 2 
(mod 4) with a sharply point-transitive abelian group of collineations, 
q > 2. (Recently in [26] this, as well as the case q EZ 3 (mod 9), q > 3, was 
shown by algebraic methods.) When q is odd, it is not known if the three 
projective planes connected by the multiplication above are always 
isomorphic: the only examples known are the cases derived from the linear 
packings of tonics studied in this section. When q is odd, the three projec- 
tive planes correspond to (1) the ambient projective plane of the packing, 
(2) the projective plane whose lines are the points of the ambient plane and 
whose points are the (q-t 1)-arcs of the packing, and (3) the projective 
plane whose points are the tangent envelopes of the packing (these form a 
dual packing) and whose lines are the lines of the ambient plane. In fact, if 
AB z C(mod 2) is the equation of three incidence matrices of projective 
planes of odd order q, then A’Cz B and CB’ s A(mod 2) also. (The con- 
struction of a regular weighing matrix of order q2 -I- q + 1 and weight $ 
from any packing of (q -I- 1 )-arcs of a projective plane of order 4 was also 
established in [lo]. It is not known if every such weighing matrix 
corresponds to a packing.) 
Anyway, for our summary here of the properties ‘of linear packings of 
co&s in PG,(2, q), q odd, we only need to note that they have the proper- 
ties listed above. In terms of matrices, a packing of tonics of FG(2, q), q 
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odd, corresponds to a set of q2 + q + 1 non-singular symmetric 3 x 3 
matrices A,,..., Ay~+y+l over GF(q), such that (kA;lk~GF(q), 
i = l,..., q* + q + 1 > is a spread set for a translation plane of order q3. (See 
[14] for the theory of spread sets.) Now, spread sets closed under addition 
correspond to division algebras or semifields. This is the case of our linear 
packings of tonics. From now on we consider the final arguments about 
linear packings of tonics in PG(2, q), q odd, leading to the geometrical 
classification of all commutative division algebras of dimension three over 
GF(q). 
The complete classification of all types of pencils (one-dimensional 
spaces) of tonics in PG(2, q), given geometrically in [lo], but first given 
algebraically in [S], shows in particular that there is only one type con- 
taining only non-singular tonics: this type is homographically equivalent to 
that having the q + 1 matrices generated by I and A, where I is the identity 
3 x 3 matrix and A is any symmetric 3 x 3 matrix satisfying an irreducible 
cubic equation over GE;(q). Hence our linear packing (or net) of tonics has 
only one type of pencil. Geometrically, the tonics of the pencil all pass 
through one point over GF(q) and three over GF(q3). (This fortunate fact 
for dimension three does not hold in larger dimensions, as we shall see in 
Section 4.) 
The next crucial step is to consider the quadric space PG(5, q). (In Sec- 
tion 2 we considered the general case of dimension n; put n = 3 there.) Thus 
we must classify the planes of PG(5, q) disjoint from the symmetric deter- 
minantal primal 9; (which we denote by Q). Of course, all the classical 
geometers reading this will immediately recognize that Sz is just the cubic 
primal which is the set of points on the lines joining the q2 + q + 1 points of 
the Veronese surface P, corresponding to the q2 + q + 1 repeated line 
degenerate tonics of the plane. Naturally, 52 has q4 + q3 + 2q2 + q+ 1 
points corresponding to the degenerate tonics of PG(2, q). Thus there are 
three types of points of Q corresponding to the line pairs, to the repeated 
lines, and to the pairs of conjugate lines of PG(2, q2) meeting in a real 
point of PG(2, q) called imaginary line pairs. Now, any plane of PG(5, q) 
skew to D must intersect 52 algebraically in a cubic curve of some algebraic 
extension of PG(5, q). This curve plainly has no real points. (It is the 
“norm form” of Kaplansky [ 161: this norm form, in the general case of 
commutative division algebras of dimension n, is the primal of degree y1 in 
PG(n- 1, q) corresponding to the degenerate quadrics in the linear 
packing: naturally these degenerate quadrics are not “real” quadrics of 
PG(n - 1, q), but occur in an algebraic extension. The classification of 
Menichetti depends heavily on being able to determine these norm forms 
for IZ prime and q large enough.) The theory of finite cubic curves has been 
developed to a great extent this century and in particular all cubic curves of 
PG(2, q) without real points can be shown to be formed by three conjugate 
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independent lines 1, ly, lq’ of PG(2, q3). See Hirschfeld [12] for a good 
review of results in finite cubic curve theory. Dickson’s arguments on this 
point relied too much on intuition, although this is understandable con- 
sidering the pioneering nature of his work. For the theory of cubic plane 
curves in characteristic two, see a work of the author which is to appear 
[ 111. One result there is: a finite cubic curve has an xyz term if and only if 
it has an even number of points (q even). 
Getting back to the problem at hand, (that of classifying the planes of 
PG(5, q) skew to a), we must see how the cubic curve Ilyly2, where 1, I4 and 
I”’ are three conjugate independent lines of PG(2, q3), is embeddable in O*, 
the extension of !Z in PG(5, q3). Let 1 n Iq = P; then P n P2 = Pq and 
P* n I= Pq2 imply that P, Pq, Pyz are three conjugate points of a triangle of 
PG(2, q3). Now every line contained in 52* is contained in one of the two 
types of planes contained in O*: these planes correspond to either (1) the 
degenerate tonics through a point of PG(2, q3), or else (2) the line pairs of 
PG(2, q3) containing a fixed line. Hence we are led to the following 
possibilities only for the embedding of llylq2 in sZ*. Either P, Pq, Pq’ are 
three points of P*, the extension of the Veronese surface 9 in PG(5, q3), 
or else I, ly and ly2 are each contained in planes of type (2) above and so 
P, Py and Py2 correspond to line pairs aaq, ayay’, ay2a of PG(2, q3), where 
a, ay, aq- are conjugate independent lines of PG(2, q3). (In this second case 
the three tonics auq, aqay’, aY2a all pass through the three points of the 
triangle Q =a n aq, Qq and Q4’. Thus the conies of this second type of 
linear packing are just the tonics passing through these conjugate points of 
a triangle of PG(2, q3). The tonics of the first type of linear packing are 
generated by the three conjugate repeated line conies corresponding to 
P, Py and Py2. (We can take these degenerate tonics to be au, ayay, ay2ay2.) 
The first type of linear packing corresponds to the division algebra that is the 
fi’eld GF(q3) and the second type corresponds to the type first comtructed by 
Dickson, or a special case of Albert’s twistedfields. Geometrically; these two 
types of division algebras correspond to the fact that there are two types of 
planes skew to B in PG(5, q) and that on every ‘line skew to D (we have 
seen there is but one type of this kind of line because there is but one kind 
of pencil of only non-degenerate oonics), there are precisely two planes 
skew to 52. If we call these’two types of planes “field”’ and “semifield” planes 
then we can investigate the sets of points corresponding to the ““dual 
packings” of tonics. Thus we consider the bijection of the set of points of 
PG(5, q)\Q to itself induced by the,matrix mapping X -+ X-i. If we do this 
we see that a (field plane)- ’ is another afield plane, but that a (semifield 
plane))’ is a Veronese surface generating a cubic primal skew to 0. ‘Hence 
it can also be calculated that the, d&l packing of envelopes of a linear 
packing is linear if and ‘only if it is the linear packing corresponding to a 
field. It is still unsolved as to whether the dual (non-linear) packing of con- 
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its corresponding to the (semilield plane))’ above gives the projective 
plane PG(2, q) or a non-desarguesian plane; however it seems likely that it 
is just PG(2, q). 
4. THE CASE OF DIMENSION 4 
In Section 2 we showed that a commutative division algebra (or 
semilield) of dimension n over GF(q) (q odd), is equivalent to an (n - l)- 
dimensional space of non-singular quadrics of PG(n - 1, q). The case of 
dimension II = 4 therefore demands that we investigate three-dimensional 
spaces (i.e., webs) of non-singular quadrics of PG(3, q). In this section we 
show that these webs have some very interesting properties leading us to a 
better understanding of the geometrical structure of these division algebras. 
In particular, at least one spread of lines of PG(3, q) is shown to be closely 
associated with the web. From this spread a translation plane of dimension 
two over Gl;(q) may be constructed [14]. It is not obvious how this plane 
of order q* is associated with the plane of order q4 coordinatized by the 
division algebra: it is a Baer subplane? Dickson investigated these division 
algebras using algebraic methods in [6,7] and this led him to make a con- 
jecture about them (on p. 516 of [7]). He also constructed an important 
example, which we shall analyse in a future paper. We divide this section 
into various arguments which lead us gradually to the better understanding 
of webs of non-singular quadrics in PG(3, q), q odd. 
Argument 1. Let W be a web of non-singular quadrics of PG(3, q), q 
odd. We call a one-dimensional subspace of W a pencil, and a two-dimen- 
sional subspace of W a net. W is three-dimensional and so there are 
q3 + q* + q + 1 quadrics in W generated by four independent quadrics. In 
Section 2 we saw that through each point P of PG(3, q) there passes a net 
N(P) of W. (The condition that a quadric of W passes through a point is 
linear and so it is also non-trivial.) Also, for each of the q2 + q + 1 planes 
passing through P there is a unique quadric of N(P) that has that plane as 
a tangent. 
Argument 2. From the classification of quadrics in PG(3, q) there are 
two types of quadrics in W, hyperbolic (containing (4 + 1)2 points and 
2(q + 1) lines of 2 opposing reguli), and elliptic (containing q2 + 1 points 
and no lines). Let W contain h hyperbolic and therefore q3 + q2 + q + 1 -h 
elliptic quadrics. Counting (quadric of W, point) incidences in two ways we 
obtain the equation 
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fq3+q2+q+l)(q2fq+1)=h(q$1)2+(q3+q~+q+1-h)(q*+1) 
*q(q3+q2+q+1)=2qh 
*h=(q3+q2+q+1)/2. 
Hence half the quadrics of W are hyperbolic and half are elliptic. 
Argument 3. Given two distinct points P and Q of PG(3, q) we have 
two possibilities: either N(P) = N(Q) (and the linear conditions on W 
corresponding to passing through P and passing through Q are depen- 
dent), or else N(P) n N(Q) is a pencil of quadrics containing both P and Q, 
(where the linear conditions are independent). Also, by considering linear 
conditions we see that there is at least one quadric containing any three 
distinct points of PG(3, q). If these three points are collinear then such a 
quadric contains the whole line and therefore must be hyperbolic. In par- 
ticular we see that every line of PG(3, q) is contained in a net, pencil or 
single quadric of W. The case of a net is quickly ruled out as then the q f 1 
planes through the line would be tangent to all the q2 + q-t 1 quadrics of 
the net at each point of the line, contradicting the fact that different 
quadrics through a point have different tangent planes at that point. Hence 
there are two cases for a line: 
(1) a pencil of q -t 1 hyperbolic quadrics passes through it, (and we 
then call the line a “special line”); or 
(2) a unique hyperbolic quadric of W contains the line. 
Let the number of special lines of PG(3, q) be s. Counting (quadric of W, 
line of PG(3, q)) incidences in two ways we obtain 
s(q+l)+((q2+l)(q2+q+l)-s)=2(q+1).(q3+q2+q+1)/2 
*s=q% 1. 
Argument 4. Let d be the number of unordered pairs of distinct points 
of PG(3, q) such that N(P) = N(Q). Counting (quadric of W, unordered 
pair of points) incidences in two ways we obtain: 
d(q2+q+ 1)+ 
(( 
q3+q~q+1)-d)(q+1)=11((4;1)2)+h(qz;1) 
=>d=h (=(q3+q2+q+ 1)/2). 
We call one of these h pairs of points (P, Q}, with N(P) = N(Q), (P # Q), 
a “special point-pair.” The line joining the points of such a special point- 
pair is clearly a special line. 
Argument 5. Now let 17 be a fixed plane of PG(3, q). We investigate 
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how the quadrics of W intersect II. Firstly, each quadric of W intersects I7 
in a conic: 
(a) it is non-singular containing q + 1 points, no three collinear; 
(b) it is a line pair, containing 2q + 1 points on two lines; or 
(c) it is an imaginary line pair, containing 1 point on two conjugate 
lines of PG(2, q2). 
If two quadrics of W intersected 17 in the same conic then the pencil of 
W generated by the two would have a quadric containing I7, a contradic- 
tion. Hence W intersects I7 in a web of q3 + q2 + q + 1 distinct tonics, 
(which may be degenerate, as above). However, by counting (quadric of 
W, point of n) incidences in two ways, we can say much more. At each 
point of 17 there is a unique quadric of W tangent to I7 and so intersecting 
17 in case (b) or (c) above. Thus the number of cases of type (a) is 
q3+q2+q+ 1 -(qZ+q+ l)=q! 
Let g be the number of cases of type (b) and so the number of type (c) is 
q2+q+ l-g. Thus, q3(q+ l)+g(2q+ l)+q*+q+ l-g=(q*+q+ 1)2, 
as there are q2 + q + 1 quadrics through each of the q2 + q + 1 points of 17. 
Hence, solving this we obtain g = (q + 1)*/2. Furthermore, the number 
of incidences of a (hyperbolic quadric of W, line of n) is 
2g= (q + 1)2 > q2 f q + 1. Hence there exists at least one line of Z7 on at 
least two quadrics of W. Thus each plane I7 of PG(3, q) contains at least 
one special line. But the number of incidences (plane of fl, special line) is 
(q2 + 1 )(q + 1) as there are q* + 1 special lines and q + 1 planes on each. 
Hence we see that each plane contains a unique special line and that every 
pair of special lines are disjoint: the special lines partition the points of 
PG(3, q). Thus the set of special lines forms a spread S of PG(3, q) from 
which we can construct a translation plane of dimension two over GF(q) 
c141. 
Also we see that the h special point-pairs partition the set of 2h points of 
PG(3, q). For if (P, Q} and {P, R) were two distinct special point-pairs, 
then the special lines P. Q and P * R would have to be equal. Then 
N(P) = N(Q) = N(R) would imply that a net of W would contain the 
special line, a contradiction. Finally we see that the q + 1 points on every 
special line are partitioned into (q + 1)/2 special point-pairs. 
Argument 6. Consider a pencil of W containing LX hyperbolic and 
therefore q + 1 -a elliptic quadrics. We can calculate the number A of 
points in common to all quadrics of the pencil by counting (point of 
PG(3, q), quadric of the pencil) incidences in two ways: 
i(q+1)+(q3+q~+q+1-~)=a(q+1)*+(q+1-~)(q2+l)*jl=2a. 
From now on denote such a pencil of W by the term “a-pencil.” 
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Argument 1. In this argument we show that there is only one kind of 
pencil of W through a special line: it contains precisely two special lines. 
Firstly, the quadrics of a general pencil intersect in a quartic curve of 
PG(3, q) (as 2 x 2 = 4), which may or may not be degenerate. However, if 
this quartic curve contains a line then we have only two possibilities. We 
know that every quadric of the pencil is hyperbolic as only these contain 
lines. Hence we are in the case of the (q + 1)-pencils of Argument 6. Thus 
the quartic curve contains 2(q + 1) points, q + 1 more than the q + 1 points 
on the special line, and we see that either the quartic curve is made up of 
(a) two disjoint special lines, or 
(b) a special line and a twisted cubic curve disjoint from the line. 
(Note that a curve in a space is non-degenerate only if its points generate 
a subspace of dimension at most equal to its order. A non-degenerate curve 
whose points generate a subspace of dimension equal to its order is a nor- 
mal rational curve: the case of dimension three is a twisted cubic contain- 
ing q + 1 points, no four coplanar.) 
Now we do some counting to make sure that case (b) above does not 
appear in W. Let hi be the number of hyperbolic quadrics of W containing i 
special lines. Then, by counting hyperbolic quadrics we have 
c hi= h. 
By counting (hyperbolic quad&, special line) incidences: 
By counting (hyperbolic quad+ unordered pair of special lines) incidences, 
(where a is the number of special lines in pencils of type (a) above): 
co ; h,=(q+l)a+((q*+l-2a)(q+1)/2)/2=h/2+a(q+1)/2. 
(The right-hand side above comes from the fact that there are q $1 hyper- 
bolic quad& on two special lines of type (a). For the remaining 
q* -I- 1 - 2a lines in pencils of type (b) there are (q + 1)/2 incidences of 
hyperbolic quad,rics containing the first special line and also a special line 
intersecting the twisted cubic in a special point-pair. (There must be 
(q + 1)/2 special point-pairs on the twisted cubic.) But then we are 
counting unordered pairs of special lines on hyperbolic quadrics, hence we 
divide the (q2 + 1 - 2a)(q + 1)/2 by 2.) 
The three equations above are independent in Chi, Cihi and Ci2hi, 
hence we may check that the three equations imply C(i-- 2)2 hi= 
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(q+l)a-h. But this means that (q+l)a-h>O*aa(q2+1)/2. Hence 
2a 3 q2 + 1 and so a = (q2 + 1)/2 and each of the q2 + I special lines is con- 
tained in a pencil of type (a). 
This implies that there are precisely (q2 + 1)/2 (q + 1)-pencils of W, and 
that they correspond to a partial spread of lines of the three-dimensional 
quadric space of W. It is unsolved at present as to whether this partial 
spread (partitioning the hyperbolic quadrics), may be always extended to a 
full spread of q2 + 1 pencils by finding (q2 + 1)/2 disjoint O-pencils of W. 
However, in the case q = 3, which we examine next, we can always find 
these O-pencils, (and they are unique). 
Argument 8. As a guide to the general properties of webs of non- 
singular quadrics in PG(3, q), q odd, here we undertake an analysis of the 
smallest case q = 3. (This is equivalent to investigating the commutative 
division algebras of order 81.) Now in the web W there are 
h( = (q3 + q2 + q + 1)/2 = 20) nets of type N(P), where P is a point. These 
nets are called “point-nets.” The other h nets of W are called “non- 
point-nets.” Also, since a hyperbolic quadric contains (q + 1)’ points and 
therefore (q+ 1)‘/2 special point-pairs, then it is in (q + 1)2/2 point-nets 
and (q2.+ 1)/2 non-point-nets. Similarly, an elliptic quadric of W is in 
(q2 + 1)/2 point-nets and (q + 1)‘/2 non-point-nets. To calculate the num- 
ber of hyperbolic quadrics in a point-net we proceed as follows. Let the 
point-net be N(P) and consider the lines through P: each is in a unique 
quadric except the special line through P. The unique (q + l)-pencil 
through the special line accounts for 1 + (q +- 1) = q + 2 lines through P, 
and so there are a further (q’ + q + 1 - (q + 2))/2 = (q* - 1)/2 hyperbolic 
quadrics through P. Hence the total number of hyperbolic quadrics 
through P (and in N(P)) is qf 1 + (q2- 1)/2= (q+ 1)‘/2 (= 8 when 
q = 3), and so th e number of elliptic quadrics in N(P) is (q2 + 1)/2 ( = 5 
when q = 3). To calculate the number of hyperbolic quadrics in a non- 
point-net note that the only nets containing the special pencils (the (q + l)- 
pencils) are the point-nets: the (q + 1 )-pencils form a partial spread cover- 
ing the hyperbolic quadrics, and dually covering the point-nets. Thus, a 
(q + 1 )-pencil always intersects a non-point-net in a unique hyperbolic 
quadric, (as a line intersects a plane in three-dimensional space). Since 
there are (q2 -t 1)/2 (q + l)-pencils, then there are (q2 + 1)/2 hyperbolic 
quadrics in each non-point-net, and (q + 1 )2/2 elliptic quadrics in such a 
net. 
Now consider the configuration of eight points in the plane PG(2, 3) 
corresponding to the eight hyperbolic quadrics in a point-net (when CJ = 3). 
There are four points on a line, (corresponding to the 4-pencil in the point- 
net), and the remaining four points form a 4-arc (otherwise we would have 
two lines contained in the eight point configuration). Hence, counting the 
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types of lines intersecting this unique configuration of eight paints, we have 
that the number of 4-pencils, 3-pencils, 2-pencils, l-pencils and O-pencils in 
a point-net is 1,6,4,2 and 0, respectively. Since an i-pencil is contained in i 
point-nets (see Argument 6), then the number of i-pencils (i # 0) is equal to 
(C, n,)/i, where yli is the number i pencils in point-net n, and the sum is 
over all point-nets n. From this, we calculate that the number of i-pencils in 
W, for i = 4, 3, 2, 1 is 5,40,40,40, respectively. Since the total number of 
pencils of W is equal to the number of lines of PG(3, q), (q = 3), which 
equals (q* + 1)(q2 + q + 1) = 130, we see that the number of O-pencils of W 
is 130 - 5 - 40 - 40 - 40 = 5. The number of hyperbolic quadrics in a non- 
point-net we have seen to be live and so these correspond to one of two 
five-point configurations of PG(2, 3): two intersecting three-point lines, or 
one three-point line and two independent points. Now the former con- 
figuration’ has a unique external line in the plane corresponding to a O-pen- 
cil, and the latter has precisely two external lines. Since the total number of 
(non-point-net, O-pencil) incidences is 5 * 4 = 20 we see that the former con- 
figuration holds in each case, and that the O-pencils correspond to a partial 
spread covering the elliptic quadrics. Hence, the 4-pencils and the O-pencils 
together form a spread covering all quadrics in W. (Each quadric is in a 
unique 4-pencil or O-pencil,) 
There are precisely two kinds of spread in PG(3, 3): these correspond to 
the plane over GF(9), and to the nearfield plane of order 9 (see [ 13, p. 56; 
14’1): the non-regular spread is obtained from the regular by reversing one 
regulus. However it is possible to show that the spread of 4pencils and 
O-pencils just constructed is regular by showing that each of its three lines 
is contained in a regulus of four lines of the spread. 
5. FINAL REMARKS 
We have seen how the commutative division algebras of dimension three 
over GF(q) (q odd), are classified using geometrical methods. In the 
previous section the four-dimensional case is analysed by means of the web 
of non-singular quadrics in PG(3, q). Several questions are left unanswered. 
(1) Is the spread of special lines of the web regular? 
(2) Is the partial spread of (q* + 1)/2 lines corresponding to the 
(4 + 1 )-pencils of the web completable to a spread by the addition of a 
further (q2 -I- 1)/2 O-pencils? 
(3) If the previous question is true then is the spread regular? 
(4) What kind of packing does GF(q4) give? 
Calculations by L.R.A. Casse, A. Rahilly and the author tend to confirm 
that question (1) is true for q = 3. Using similar methods to those found in 
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this paper it should be possible to investigate the commutative semifields of 
dimensions higher than four, which no doubt also lead to interesting 
packings of quadrics. 
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